Abstract. In this paper, we generalize recent work of Mizuhara, Sellers, and Swisher that gives a method for establishing restricted plane partition congruences based on a bounded number of calculations. Using periodicity for partition functions, our extended technique could be a useful tool to prove congruences for certain types of combinatorial functions based on a bounded number of calculations. As applications of our result, we establish new and existing restricted plane partition congruences, restricted plane overpartition congruences and several examples of restricted partition congruences.
Introduction and Statements of Results

Partitions and plane partitions.
A partition of a positive integer n is a non-increasing sequence of positive integers that sum to n. The total number of partitions of n is denoted by p(n). We can define p(n) on the set of all integers by setting p(0) = 1 and p(n) = 0 for all n < 0. One can also consider partitions where the parts are restricted to a specific set S of integers. For example, let S be the set of positive integers, then p(n; S) denotes the number of partitions of n into parts from S. Clearly p(n) = p(n; N).
For example, the partitions of n = 5 are 5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1.
Thus p(5) = 7 and if S is the set of odd integers, then p(5; S) = 3. We write |λ| = |(λ 1 , λ 2 , · · · , λ k )| = n to indicate that λ = (λ 1 , λ 2 , · · · , λ k ) is a partition of n. A Ferrers-Young diagram of a partition λ of n is a left-justified rectangular array of n boxes, or cells, with a row of length λ j for each part λ j of λ. For example, the Ferrers-Young diagram of λ = (6, 4, 3, 1) is as follows.
Ramanujan's beautiful partition congruences [19] , which state that for all n ≥ 0, p(5n + 4) ≡ 0 (mod 5) p(7n + 5) ≡ 0 (mod 7) p(11n + 6) ≡ 0 (mod 11) have inspired a vast number of mathematicians to study and investigate special arithmetic properties of partitions, as well as interesting restricted partition functions and generalizations such as overpartitions and plane partitions. For example see [1] , [2] , [3] , [4] , [5] , [6] , [7] , [9] , [13] , [18] and [20] to mention a few.
The generating function for p(n) is due to Euler and is given by Thus, pl(3) = 6. MacMahon's challenge was to establish a nice generating function for pl(n). However, it was not easy, it took him nearly twenty years [1] , [14] to prove that
He also considered a restricted form of plane partition that must have at most r rows and c columns. The generating function is given by where pl r,c (n) denotes the number of plane partitions of n with at most r rows and c columns. By fixing r and letting c −→ ∞, we obtain the generating function for r-rowed plane partitions, which are plane partitions with at most r rows. The generating function is given by
where pl r (n) denotes the number of r-rowed plane partitions of n.
1.2.
Periodicity and plane partition congruences. The goal of this paper is to generalize a result of Mizuhara, Sellers, and Swisher [15] which uses periodicity to study plane partition congruences. Kwong and others have done extensive studies on the periodicity of certain rational functions, including partition generating functions, for example see [10] , [11] , [12] , [16] , and [17] . Before we state the result in [15] , we need a couple of definitions.
Let
be a formal power series with integer coefficients, and let d, ℓ be positive integers. We say A(q) is purely periodic with period d modulo ℓ if, for all n ≥ 0, a n+d ≡ a n (mod ℓ).
The smallest such period for A(q), denoted π ℓ (A), is called the minimal period of A(q) modulo ℓ.
In this paper, periodic means purely periodic. Mizuhara, Sellers, and Swisher [15] consider the class of plane partition congruences of the form
Theorem 1.1 (Mizuhara, Sellers, Swisher [15] ). Fix positive integers s, t and nonnegative integers
holds for all n < π ℓ (F ℓ )/ℓ, then it holds for all n ≥ 0, where
Theorem 1.1 states that for a prime ℓ, one can look only at the finite set of ℓ-rowed plane partition numbers pl ℓ (ℓn + a i ) and their finite sums for 0 ≤ n < π ℓ (F ℓ )/ℓ to see if there is a congruence of the form (5) that holds for all n. For example, taking ℓ = 2, if there is a congruence, then it is one of the following possible choices pl 2 (2n) ≡ 0 (mod 2)
If any of the congruences above holds for 0 ≤ n < π 2 (F 2 )/2, then it holds for all n ≥ 0. The reason this technique works is because F ℓ (q) is periodic, which is due to a theorem of Kwong [11] (see Theorem 2.1). Theorem 1.1 was used to prove several plane partition congruences, some previously known to Gandhi [8] and others previously unknown.
Theorem 1.2 ([15]).
The following hold for all n ≥ 0,
pl 5 (5n + 1) ≡ pl 3 (5n + 3) (mod 5) (10) pl 7 (7n + 2) + pl 7 (7n + 3) ≡ pl 7 (7n + 4) + pl 7 (7n + 5) (mod 7). (11) Note that the identities (6), (8) , (9) and (10) were previously shown by Gandhi [8] , while (7) and (11) are proved in [15] .
We are now able to state the main result of this paper. We generalize Theorem 1.1 to a wider class of q-series, and to include prime power moduli. 
Fix positive integers s, t and nonnegative integers
holds for all 0 ≤ n < π ℓ N (A)/δ, then it holds for all n ≥ 0.
The generality of Theorem 1.3 gives potential for many more applications, which we discuss further in Section 2. Two such examples for plane partitions are as follows. We prove in Theorem 3.1 that for all n ≥ 0,
The rest of this paper is organized as follows. In Section 2, we review some preliminaries, including a useful theorem of Kwong [11] and further definitions of types of partition functions for which we can apply Theorem 1.3. In Section 3, we prove several congruences for a variety of partition congruences as applications of our main theorem. In section 4, we prove Theorem 1.3. In Section 5, we conclude with final remarks.
Preliminaries
Before we state a result of Kwong [11] , we recall some necessary definitions from [15] . For an integer n and prime ℓ, define ord ℓ (n) to be the unique nonnegative integer such that
where m is an integer and ℓ ∤ m. In addition, we call m the ℓ-free part of n.
For a finite multiset of positive integers S, we define m ℓ (S) to be the ℓ-free part of lcm{n|n ∈ S}, and b ℓ (S) to be the least nonnegative integer such that
Theorem 2.1 (Kwong, [11] ). Fix a prime ℓ, and a finite multiset S of positive integers. Then for any positive integer N ,
p(n; S)q n is periodic modulo ℓ N , with minimal period
We note that Theorem 2.1 can be applied to calculate the minimum periodicity modulo prime powers of any rational functions of the form
where k is a positive integer and e i are nonnegative integers for 1 ≤ i ≤ k. For the positive integers e i , consider the multiset of positive integers i j associated with e i for 1 ≤ j ≤ e i , that is
where e := (e 1 , e 2 , . . . , e k ). Then by the standard partition theory argument, we get n≥0 p(n; S k,e )q n = R k (e 1 , e 2 , . . . , e k ; q).
Lemma 2.2. Fix a prime ℓ and a nonnegative integer N , then R k (e 1 , e 2 , . . . , e k ; q) is a periodic q-series modulo ℓ N with minimal period
Proof. By the previous argument, n≥0 p(n; S k,e )q n = R k (e 1 , e 2 , . . . , e k ; q).
The rest follows by Theorem 2.1.
For example, let k = 4, and e = (1, 0, 2, 3). Thus,
is generated by the multiset
In particular, for ℓ = 3 and N = 1, we calculate b 3 (S 4,e ) and m 3 (S 4,e ) where
and m 3 (S 4,e ) = 4. Thus by Lemma 2.2, the minimal periodicity modulo 3 of R 4 (1, 0, 2, 3; q) is given by
Let ℓ be a prime, consider the special case of Lemma 2.2 with k = ℓ−1 and e i = i for 1 ≤ i ≤ ℓ−1. Then
We then have the following immediate corollary which is a particular case of Corollary 2.4 in [15] . Corollary 2.3. For a prime ℓ, and a positive integer N , F ℓ (q) is periodic modulo ℓ N with minimal period
where e = (1, . . . , ℓ − 1).
We also state the following elementary lemmas which can be easily proved inductively on N .
Lemma 2.4. For any prime ℓ and positive integers j and N ,
Lemma 2.5. For any prime ℓ and positive integers j and N ,
We observe in the following lemma that the restricted plane partition generating functions are always of the shape needed in Theorem 1.3. Lemma 2.6. For a prime ℓ and a positive integer N , then
Proof. We recall the generating function of ℓ N -rowed plane partitions from (4)
By Lemma (2.4) and Lemma(2.5), one can easily see that
where
3. Applications of Theorem 1.3 3.1. Plane partition congruences involving prime powers. In [8] and [15] , elementary combinatorial methods were used to prove some plane partition congruences modulo primes and prime powers. With less effort and a different technique, we apply Theorem 1.3 to reprove some of these congruences and establish new equivalences.
Theorem 3.1. The following hold for all n ≥ 0,
We note that (13) and (14) are shown by Gandhi [8] , and (16) is previously reported in [15] , while (15) and (17) are new to the literature.
Proof. We note that 
By Lemma 2.2,
Thus β(0) = 1 and β(n) ≡ 0 (mod 2) for all n ≡ 0 (mod 4), and hence the series B(q) and its coefficients satisfy the desired congruences conditions of Theorem 1.3. We see that the congruences pl 4 (4n + 3) ≡ 0 (mod 2),
hold for n = 0, 1 and 2. For ℓ = 2, N = 1, δ = 4, we apply Theorem 1.3 and hence the equivalences (13) and (14) hold for all n ≥ 0. To prove the congruences (15) and (16), again we use Lemma 2.4 to observe that
By Lemma 2.2, the quotient
To prove (17), we use the same method to see that
Again, by Lemma 2.2, the quotient
is periodic modulo 3 with minimal period 3 4 · 280. Again by maple programming, we confirm that for all 0 ≤ n < 3 4 ·280 3 2 , pl 9 (9n + 1) ≡ pl 9 (9n + 8) (mod 3), as desired.
3.2.
Overpartitions and plane overpartitions. An overpartition of a positive integer n is a partition of n in which the first occurrence (equivalently, the last occurrence) of a part may be overlined. We denote the number of overpartition of n by p(n). Since the overlined parts form a partition into distinct parts and the non-overlined parts form an ordinary partition, the generating function of overpartitions is given by
A plane overpartition is a plane partition where in each row the last occurrence of an integer can be overlined or not and all the other occurrences of this integer are not overlined, and furthermore in each column the first occurrence of an integer can be overlined or not and all the other occurrences of this integer are overlined. The total number of plane overpartitions of n is denoted by pl(n) and the generating function of plane overpatitions [21] is given by
For example, the plane overpartitions for n = 3 are as follows. Thus, pl(3) = 16. A k-rowed plane overpartition of an integer n is a plane overpartition with at most k rows. The total number of the k-rowed plane overpartitions of n is denoted by pl k (n). To get the generating function of k-rowed plane overpartitions, we recall the following theorem.
Theorem 3.2 ([21]). The generating function for plane overpartitions which fit in an
Lemma 3.3. For a fixed positive integer k, the generating function for k-rowed plane overpartitions is given by
Proof. By fixing k and letting n → ∞ in Theorem 3.2, we get
Also we note that for a prime ℓ and a positive integer N , the restricted plane overpartition generating function P L ℓ N (q) is of the form A(q) · B(q) where A(q) and B(q) are described in Theorem 1.3.
Lemma 3.4. For a prime ℓ and a positive integer N , then
for some positive integers k, k ′ and nonnegative integers m 1 , . . . ,
Proof. First, let N = 1. By Lemma 3.3, the generating function of ℓ-rowed plane overpartitions is given by
By factorizing the denominator of the front quotient, we note that there are some nonnegative integers m 1 , . . . , m ℓ−1 so that
Furthermore,
for some nonnegative integers r i and positive integers t i and n i . Therefore,
We reindex m i and r i so that
We can repeat the same process for N > 1 to obtain
Using Lemma 2.4 and Lemma 2.5, the rest follows.
In particular, for ℓ = 2, 3, 5, we have the following generating functions,
Thus, pl k (n) ≡ 0 (mod 2), for any k, n ≥ 1.
Theorem 3.5. The following holds for all n ≥ 0,
Note that for all n ≥ 1,
Also, we note that,
So, we let 
Clearly, Q(q, m) is generated by the finite set T m = {1, 2, · · · , m}. In other words,
Using Lemma 2.2 for a prime ℓ, one can see that holds for all n = 0, 1, 2, 3, 4, 5.
Furthermore, Table 2 for all n = 0, 1, 2, 3, 4, 5,
By applying Theorem 1.3 for A(q) = Q(q, 4), B(q) = 1, δ = 10 and N = 1 we deduce that (23) and (24) hold for all n ≥ 0.
Proof of The Main Theorem
We now present the proof of Theorem 1. 
Therefore, for k ≥ 0,
Hence letting k = nδ + j in (25), for n ≥ 0 and 0 ≤ j ≤ δ − 1, we obtain (26)
Notice that by (26), for any n ≥ 0, the congruence (27)
To prove (27) holds for all n ≥ 0, it thus suffices to prove that the congruence
holds for all n ≥ 0. By the hypothesis, (27) holds for all 0 ≤ n < π ℓ N (A)/δ. Thus for 0 ≤ n < π ℓ N (A)/δ, we see that
Letting n = 0, (29) implies that β ′ (0)( To finish the proof, it suffices to prove that (28) holds for all n ≥ π ℓ N (A)/δ. By hypothesis, there is some K ∈ N such that π ℓ N (A) = Kδ. Fix an arbitrary integer n ≥ π ℓ N (A)/δ = K. By the Division Algorithm, we can write n = xK + y where 0 ≤ y < K. Thus for each 1 ≤ i ≤ s, and 1 ≤ j ≤ t, we have nδ + a i = x · π ℓ N (A) + (yδ + a i ),
From this we see that nδ + a i ≡ yδ + a i (mod π ℓ N (A)), nδ + b j ≡ yδ + b j (mod π ℓ N (A)).
Since A(q) is periodic modulo ℓ N with minimal period π ℓ N (A), then for each 1 ≤ i ≤ s, and 1 ≤ j ≤ t, α(nδ + a i ) ≡ α(yδ + a i ) (mod ℓ N ), α(nδ + b j ) ≡ α(yδ + b j ) (mod ℓ N ).
Since 0 ≤ y < K = π ℓ N (A)/δ, we have by our hypotheses that
Therefore,
as desired.
Conclusion
We have generalized the method of Mizuhara, Sellers, and Swisher [15] to give a way to determine various congruences based on a bounded number of calculations. We note that as applications of Theorem 1.3, we obtain new plane partition and plane overpartition congruences. However, the results are limited to computing capabilities since, at least in our cases, increasing the primes leads to more involved coefficient calculations. We hope that further investigations may prove plane partition and plane overpartition congruences modulo higher primes and prime powers. In addition, it would be interesting to find examples of congruences for other types of combinatorial functions which can be proved by Theorem 1.3.
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